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sin IHL=i\/S, cos IHL=W§- 

sin EHL=i, cos EHL=W2. 

HI : #L=sin ILH : sin iy/L=sin ##L : sin 7H£7. .'. HI : w=4 : ii/6 
or H7=w/v / 6=wv / 6/6; ## : w=sin IHL : sin flZL; HE : w=Ji/3 : ii/6, or 
flE=w/i/2=w2/2. 

Also solved by G. W. Greenwood. 



AVERAGE AND PROBABILITY. 

163. Proposed by R. D. CARMICHAEL, Anniston, Ala. 

In a regular %-gon a triangle is formed by taking three vertices at 
random. What is the mean value of the triangle? 

Solution by G. B. M. ZEEE, Ph. D., Parsons, W. Va. 

Whether n be even or odd, there can be formed, at any vertex, as B, 
or C, or D, etc., by joining it with A and any other vertex, (n— 2) triangles. 
Since there are n vertices, the total number of triangles =n(n— 2). 

I. n even. For A the sum of the areas is the area of the polygon 
=hnr-sin(2x/n); for B and J combined «r s sin(2f/w)=sum of areas; for C 
and J, the sum is 2nr' ! sm(2x/n) — 4(w— 2)r' i sin(x/ri)sm(*/n)sm(2n/n); fori) 
and H, Snr 2 sin(2^/n) — 4«r 8 sin(f/»)sin(*/«)sin(2*/») — 4(%— 4)r 2 sin(f/«) 
x sin(2*/n-)sin(3*/»). For the next pair of vertices the sum is 





n even. n odd. 

4w 2 sin (2*/w) - 4 (w +2) r ' sin (*•/») sin (»/») sin (2»/w) 
— 4 (»? — 2) r 8 sin (*/w) sin (2*/%) sin (3»/») 
— 4 (n — 6) r 2 sin (*/«) sin (3*/«) sin (4*/%) . 

The sum of the areas of the triangles for ^^y-^th, the-Jth and the ^pth 
vertices are equal, and their combined sum for the three vertices is 
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-^-r — -r s sin(2V«) _ 6(2«— 8)r s sin(Vw)sin(^ra)sin(2*/w) 

— 6 (2n — 12) r s sin (*/») sin (2*/ra) sin (3*/%) 
— 6 (2n — 16) r s sin ( Vw) sin (3*/%) sin (4*/n) 

— ... —6(4) r 2 sm{'/n)sm-^— wsin-H— *. 

The total sum for all is 

[^+%(l + 2+3+...+^- 2 ) + n(n ~ 2) ~\r 2 siTi(2*/n) 

-[4r*(»— 2 + »+»+2+»+4 + ...+2»-8) 

+2r 2 (2ra— 8) ] sin («/») sin (V«) sin (2*/») 

-[4r 2 (rc-4+w-2+*H-*i+2+... + 2ra-12) 

+2r s (2n— 12) ] sin (*/») sin (2«/«) sin (3*/w) - etc. , 

—ht 8 r*sm(2n/n)— 3r 8 sin(*/w) [(«■— 2) (%— 4)sin(Vw)sin(2*/w) 

+ (n-4) (%-6)sin(2Vw)sin(3*/w) + (w-6)(m-8)sm(3*-/w)sin(4VM)+... 

, . n— 4 . n—2 -, 
+8sm^ rsm _,rJ 

=i% 3 r 2 sin(2w/%) —24r* [cos(w/%)cos(2f/n)+3cos(2*/w)cos(3V're) 
+ 6cos (3*/n) cos (4*/n) + lOcos (4*/») cos (5*/%) + . . . 

. (w— 2)(w— 4) n— 4 n—2-, ■ , , \ 
+ * ^ - ; cos-2^ - cos -^ «]sm(*/») 

=iw 8 r i! sin(2'rM) -12r 2 sin(*/w)cos(*/%) (1+3+6 + 10+ ... + (»~ 2 H W ~ 4 ) ] 

--12r 2 sin(T/«) [cos(3«/») +3cos(5*/«) +6cos(7*-/») +••• 

+ ( W ~ 2 H W ~ 4 ) cos— ^]=Wr*sm(2*/n)-hi{n-2) (rc-4)r 2 sin(2*/ra) 

3w [ in — 2) cos (2*/ri) — (w— 4) ] r 2 sin (2* /to) 
8[sin(*/n)]» 

_ r*n{(3n— 2) [sin(Vn)] 2 — l}cos(Vw) 
2sin(^/«) 

■••Average area is 2 ( TO - 2 )sin(^) { [3w ~ 2] W*/^ ' "^ 
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II. n odd. By a similar process we easily get for the total sum 

[hnr 2 +nr* (1+2+3 + 4+... +^- 1 )]sin(2Vw) 

— 4r 8 (w— 2 + n+n+2i-n+4:+...+2n— 7)sin(V«)sin(*/TO)sin(2Vw) 

— 4r s (%— i+n— 2+n-\-n+2+...+2n— ll)sin(V«)sin(2Vrc)sin(3V») — etc., 

= — ^ — r ? sin(2*/«) — 3r*sin(*/ra) [(w— 1) (w— 3)sin(f/»)sin(2V») 

+ (n— 3) («— 5)sin(2*/w)sin(3wA) + (n— 5) (w— 7)sin(3*/n)sin(5T/%) +... 

. . n— 3 . w— 1 n 
+8sin^-. S m^-.] 

= — ~ — r 8 sin(2*/») — 24r s sin (*•/?&) [cos(*/2?i)cos(3?r/?i) 

+3cos (3f/'?i) cos (5*/n.) +6cos (5*/») cos (7^/%) 4- . . . 

, (n— l)(n— 3) w— 4 n—2 -, w s +3w » . /f , , -. 
+ ■* ^ '- cos -^ * cos "2^ *] = — g— r 2 sm (2*/n) 

-12r 5 sin(*A0cos(*/n) [1+3 + 6+10 -f...+^=^— ^] 

— 12r s sin (*■/%) [cos(2*A0 +3cos(4t/%) +6cos(6^/w4-... 

, (n-l)(w-3) («-3)* n w 3 + 3w , . ,„ . v 

+ '-k cos- — 1 = — 5 — r 2 sm(2f/w) 

8 n J 8 ' 

-h(n+l)(n-l)(n-3)r*sm(2*/n) ' 



2sin (f/n) 

[3(TO 5 -2w-3)sin(2^r/w)-3(w 2 -l)sin(2Vw)cos(2^/ffl)]r s 
8[sin(Vw)] s 



{ (4%+3-3% 2 ) [sin (*/n) ] 2 cos ("/«.) + 6+6(n+l)cos(*A0 }. 



4sin(*/7i) 

The average area is 



/y2 



4n(n-2) ain(Vw) {6+6(%+l)cos(*M) - (3rc 2 -4w-3)cos(*/tt) [sin(^)] 8 }. 
For the foregoing solutions the following explanation is necessary. 

2s infc^ sin fc£±l)_^ cos(Vn)+cos &=%+& 

n n n 

2cosfa^co S (y -g +2) ^ co S (^)+co S (y ~ g+1)7 r 
2w 2* % 

Let C=cos3g+3cos5e+6cos7g+... + (w ~ 2) 8 ( ^ = ^cos(w-3)g, 
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S=tMn3*+3tan5*+6isin7*+... + * n ~ 2) ^~ 4) tsin (w-3) a, 

where #=*/», i=i/—l. 

••• C+S=cos3<Hisin30+3(cos50 +- isin50) +6(cos70+isin70) +... 

+ < w ~ 2 H n ~ 4 ) [eoB(w-3)tf+tsin(n-3)g] = (cos0+isin<O 3 + 3(cos0 + isin0) 5 
+6(cos0+isin0) 1 +... + te^J*zi) (cos<?+isin«)«- 3 =e 3i(, +3e M9 + 6e 7i8 +... 

+ (w ~ 2) 8 (w ~ 4) e(»- ) » <, =y'[l+V+6y 4 +10y 6 +... +^=^ g ( — V"*] 

l/ 3 (w-) (n-4)y" +8 +n(n-2)y n - 1 -2n(n-4)y n +1 

(l-» , ) > 8(l-2/ 2 ) 3 

Putting 2/=e* 9 = cos# + isin* 9 , and equating C=the rational part, we get 

~ _ 2w(w— 4)sin(2rc/7t) — ^(w— 2) sin(4*/w) 
64 [sin (»/%)] s 



MISCELLANEOUS. 

164. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 

Find the number of real roots of the equation 100sina;=a;, and show 
the largest root is approximately 96.10. Find tan39° to three places of deci- 
mals. How many real roots of tanx=l/a; 8 lie between and 2"-? 

Solution by HENRY HEATON, Belfleld, N. D. 

(1). The equation may be written »/sina;=100, As x varies from to 
&*, x/sina; takes the successive values between 1 and J». Hence the equa- 
tion has no real root in the first quadrant. As x varies from J* to *, x/sina; 
takes all the successive values from 4 s to oo . Hence the equation has one 
real root in the second quadrant. In the third and fourth quadrants aVsina; 
is negative. Hence there can be no real root. At every round as x passes 
through the first and second quadrant a;/sina; varies from » to a minimum 
value then back to » . This minimum value is in the first quadrant when 
x=tan«. After the first round as long as £<100 there are two real positive 
roots to every round. Hence there can be no real positive root when a:>31ff, 
and the whole number of real positive roots is 31. The number of real neg- 
otive roots is evidently the same with the same numerical values. Hence 
the whole number of real roots is 62. The largest real root evidently occurs 
between &=301* and 31*. Put x=y+S0iK Then sin (y +S0H = T ^ (y + 30£*) . 

••• cosy =. 958185 +tIvV. 

If cos?/=.95818, j/=16° 38'=.2903 w , a first approximate value of y. If 
cos2/=.95818+.002903=.96108, y=l%° 2'=.27983 w , a second approximation. 



